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Abstract: Weighted norm inequalities for Steklov integral means f},(x) and for
the set of convolution operators are obtained. The base of results is a relation

((F*K))|<C [ K () fap(x)ah,
[0,71"
where an even kernel K(x) possesses on [0, n]N nonincreasing on each variable

majorant K *(x) .

1. Introduction

Let x,t,h,... be points of real N-dimensional space and functions f = f(x),

u=u(x)20, v=v(x)>0 are measurable on the square Qy =(-m, n]N and

27 -periodic on every variable x;,j=1,2,..,N. Define

-1
o= L o e 3
Ay (u,v;) (|Q|_[Qu(t)dtj£|g|_|.gv P (t)dtj . p>1

and

Ay (u,v; Q) = (ﬁ J'Qu(t)dt]esssupmn %

for some rectangle Q = ®§v:1[a j.b;1. In the present paper we study a problem of the

boundedness of Steklov integral means

f@=0m [ ferde

Q(h)
(over rectangles Q(4) = ®jy:1[—h 7.1 ;1) and the set of convolution operators
(f*K)0) = [ u fOK (e =0y,

from 22(O") in LP(OV).
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Our results prolong the researches of [1], where B. Muckenhoupt obtained (for
N =1) the necessity and sufficiency of the condition

sup A4, (u,v; Q) < o0 (1.1)
Q

(so-called Ap-condition) for the boundedness of Poisson integral as operator from

1y 1
LY(Q)) in Li)(Q'), p=1.

Let 0- will equal 0 and C will represent a constant, though not necessarily one
such constant.

2. Steklov integral means

The following statement extends one of the results [2] .
Theorem 1. If p >1, then the statements (1.1) and

suprN(fh(x))Pu(x)dx < C.[QN | £ [P v(x)dx 2.1
h

(where C depends on u, v, p, N ) are equivalent.
Proof. For the sufficiency of 4, condition (1.1) we proof firstly the inequality

Sl;pJ‘QN(fh ()P u(x)dx < C[sgp A, (u,v; Q)jIQN | ()P v(x)dx, p=1, (2.2)

where C depends on p and N only; the case of N =1 was proved by B. Muckenhoupt

(see [1]). Assume f e LV (QN) (i.e. the right part of (2.2) is finite), otherwise (2.2) is
trivial.
Except the trivial cases of u(x) =0 almost everywhere in QN and

JQV_I/(p_l)(x)dx =0

(for some Q ), since in this case v(x)=0 for almost every x € 2, and then (see (1.1))

the relation u(x) =0 holds almost everywhere in QN .
It is possible to be restricted of a case 0</4; <m, j=1,.., N only; otherwise (let,

for example, j=1) there exists natural number /,suchas [/m<h <(/+1)n and

1o phy 1 pU+Dn (hy I+1
J— < =
P j_hl...j_hN [fCreny)des j_(l+1)n...j_hN [fCernyldt=—=f

Let's assume
Qy () =@ [k jhy (kj + Dy, Q(h) = @ [(k; =Dy, (kj +2)h]

and concider natural numbers P, such that Tl',/hj <P < Tl',/hj +1,j=1,.,N. If p>1,

then by Holder's inequality we have for each 4
[ n U uds <

1 P
<Y . — | f(t)|dtj u(x)dx <
|k1|ZS:P1 lkleslPN I Q k(h)(| Q(h)| .[ x+Q(h)
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1 p —tip o\
<y LY (m(h)'j [J‘Qk(h)u(x)dxj(jgk,(h)|f(t)|vl’v sz] <

kISR Jky|<Py
p-1

_ 1 ) )
o <h>u(x)dxj[| 0o (x)dxj

<C Y. (
[k||<P |ky[<Py

x| oy O P w(t)dt <
<C|sup4 (u,v;Q)j | £(O)IP v(t)dt. (2.3)
( o ' |k1|Z£:PI |kN|Z£:PNJQ"'(h)

Since all intervals [(kj —l)hj, (kj + 2)hj] are subset of [-4m, 4nt], and no point is

in more than three of these intervals, the inequality (2.2) follows from (2.3) for p>1.

p-1
U v_l/(p_l)(x)dx)
Q. (h)

Replacing

by

eSSSUPse) ——

w(t)
in the above-stated reasonings, we obtain (2.2) in the case p=1.

For the necessity of the 4j,-condition we use arguments of [1]. Denote

=[ ,~Vp-D
vV J-Qv (x)dx

for p>1 and choose some rectangle Q = ®_]jv:1 [a;,b;], where the length of each side

bj—a;<2m;the case b; —a; >2n for some j one can deduce exactly in the same

way, as above. So, there exists some vector »° , such that Qév =p0 QN and Qc Qév .

If V=0, then (1.1) is true. In the cases of V=0 and 0<V <o denote
n;=(b;—a;)2, j=1,..,N andrepresent Q in the form Q= ®§y:1[aj -n;,a;+n;l
where o ; are the centres of appropriate intervals. Then Q < x+Q(2n) for all xeQ
and

fa@=10en [ foldz2N et [ o).

x+Q(21)

If V=00,v""7 is not in Lp’(Q) , where p'= p/(p—1). So there is a function
gelP(Q),and g=0 on OY \Q , such that

Jng_l/pdx = o0, 2.4)
Let f=gv 7. Since fPv=g?, fPv is integrable on Q while for xeQ the

relation  fp,(x)=c holds by (2.4). Therefore, (2.1) implies that u =0 almost

everywhere in and (1.1) is true.
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If 0<V <o, let f :v_l/(p_l)XQ; here yn =yxq(x) is a characteristic set
function. It follows from (2.4) that

v Y
srillpIQN(fh(x))‘”u(x)abc2(2 N @j IQudx,

and we have from (2.1)
vy j udx < C j v PPy (2.5)
Q) Ja a ' '
Multiplying both sides of (2.5) by y! proves (1.1) for p>1.

Let p=1 now. For essinf, .ov(x)=co the relation (1.1) is obvious; otherwise for
every €>0 there exists a measurable EcQ, |E|>0 such that

v(x) <g+essinf cov(x) for all xeE. Define f=1on Q and f=0, xe Qév \Q.
Then

_ 1
Hdtz2N —|E
m(zm'Jm(mu(n ol E!

su X)u(x)dx >
up [ ()
for all x € Q and we have from (2.1)
1 .
o |E| j xS C| E| (s + essinf . cqv(x). (2.6)
Since ¢ is an arbitrary, the 41-condition follows from (2.6).

3. Estimates for the convolution operators

Let now K(x) be a measurable even function, possessing even nonincreasing till

each variable x; €[0,n] and 2n-periodic (on each variable) majorant K =K *(x), ie.
K@) <|K ()], xe Q™.

Theorem 2. The relation
(= RO@C oK) fa ()

holds for every x; the constant C depends on N only.

Proof. By the evenness of K : (x) it is sufficient to obtain the upper estimate for
*
o= [ w S0 K (0,
where 0 < < m. Fix some j and consider

j;|f(...,xj i ) K oty ). (3.1)

Denote = x;,7=1¢;, and define natural number 7 such that

Jj?

log, /6 <T <1+log,n/s.
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Since K (...,T, ...) is nonincreasing on a variable t we obtain

T-1 v
T # 2°3 %
js | £ 4T, ) | K (o, )dT < ijv_18|f(...,x+r, DK Gty )d+
v=1

n *
+J.2T—16|f('-~’x+'t, )lK (...,T, )d‘ES

L. 2V§
leK (.,2"7"s, ...)jo | F g+ 1, ) | dr. (3.2)
o
Denote
p
cpx(r):jo | £+ T, )| dr (3.3)
Then the integral (3.1) is no more (see (3.2)) than
T K*(...,;2V6, j
-1
2ZT®X(2V6)(2V8—2V d).
v=1
Now

K( ! )
2 o (2r), refdnl
r

is continuous function and we can obtain the following relation from a theorem of the
mean value :

K. lr K| =ry, ..
2V5 ( 92 ) ) ( ’2 Vv ) v V_l
Izv_lafcbx(%)dr=r—CDX(2rV)(2 5-2"715), (3.4)

v

where 7, € (2718, 2¥8). Since 21, =2V 8, we have

s hys

Koy
— 2 o, 0n)2"5-2""8)<

v

K*(...,;ZVS, j
> 20 (2'8)(2"5-2"""9). (3.5)
PAR
According to relations (3.2), (3.3), (3.5), (3.4) the left part of (3.2) is no more, then
o 1
T 2\/8 K ...,5}",
cy jzv_lgfqax(zr)drs
v=1
<C 2“1(*( ! J( ! j2’|f( +1,.)|d )d
< ceiy— Ty | — s T,...) | dt |dr.
0 2 2o *

Fulfilling sequentially the indicated estimations for integrals of the type (3.1) on
each variable, we obtain

* 1 *
Js=cf WK (5 h)fzh(x)dh =l oK O fan ()R (3.6)

The assertion of theorem follows from (3.6) because o is arbitrary.
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Let the kernels K,,(x), meZ iv , and their majorants K; = K;; (x) satisfy the

above-stated conditions.
The inequality

IQN | (f * Ky )(x) |p u(x)dx <

< CU[O n]NK; (t)dt)(sup A, u,v; h)]jQN | ()P v(x)dx 3.7)
’ h

holds for every p=>1; the constant C depends on p and N only. This follows

immediately from Theorems 1 (see (2.1)) and 2 and Minkowski integral inequality.
Note, that a sequence of linear means of multiple Fourier sums possesses the
integral form just of f* K, = (f *K,,)(x).

4. Weighted norm inequalities for some linear means
of multiple Fourier series

Let now {K.} be a set of integral kernels, possessing the properties of p. 3 and

for each Q there exists ¢= {81,...,8N},8j >0,j=1,...,N suchas

K. (x—-1)2C/|Q|; x,t€Q. 4.1
Let

sup j ovKedr< o0 (4.2)

for the the sequence of corresponding majorants K : (x). Define

6 (/%) = (/" K)().
Theorem 3. If the relations (4.1), (4.2) hold, then the statements (1.1) and

sup [ v 165/, 0) P ude < Cf v | /()P v(x)ds

(where C depends on u, v, p, N ) are equivalent for every p>1.

Proof. For the sufficiency of 4, condition (1.1) we use the results (3.7) and

(4.2). The necessity of the 4,-condition may be deduce by using (4.1) and choosing f
such as in the prove of Theorem 1.
The set of integral kernels
N
-N .
K. (=K. q@)=m7 HKsj’aj (t;)), 0<a; <1 j=1..,N,
j=1
where

l o0
K p(m= 3 + kZO exp(—¢ P )coskt,

generates the convolution operators of the generalized Poisson type. This set satisfies to
conditons (4.2) and (4.1). The validity of (4.2) follows from the representation
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© sinz(k+l)%
K p(0)= Y A exp(—ckP)
k=0 2sin 5

and the property of convexity of sequence kgk’ﬁ = exp(—¢ iP ).
Foreach tel, |I|<2n therelation (4.1) follows from the inequality
2m-1

K p(m= Cm? Z A exp(—gkﬁ) =

k=m

= Cm* (Aexp(—gmP) — Aexp(~c (2m)P)) > Cm(cmP),

if we choose m ={ﬁ} and ¢= m_ﬁ, 0<B<1; the constant C > 0 depends on f3
only.
Hence the assertion of Theorem 3 remains valid for the set of convolutions

O¢,a (fsx)=(f* Ka,a)(x)~

Note, that the such type statement remains valid for some class of the linear means
of multiple Fourier sums over oblique parallelepipeds.
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Ouemm BE€COBLIX HOPM OII€EPATOPOB CBEPTKHU
A.Jl. Haxman

Kagheopa «Ilpuxnaonas mamemamura u mexanuxay, ' OY BIIO « TT'TV »;
alextmb@mail.ru

KiroueBblie ciioBa u pasbl: A,-ycnosue; unTerpaibhble cpennie CTekiopa;
0606meHHsIi nHTerpan [TyaccoHa; OIIEHKN OIepaTOpOB CBEPTKH.

AHHoTaums: IlomydeHbl OIEHKH BECOBBIX HOPM HHTEIPANBHBIX CPEIHHX
CrexnoBa f,(x) ¥ olepaTopoB CBEPTKH. Pe3ysbTaThl OCHOBAHBI Ha OLICHKE

[(f*K®<C [ K () fap(x)dh,

[0,n1"

N o o .
rie yetHoe sapo K(x) obmamaer Ha [0,m]" HeBo3pacTaromieit Mo Kaxxa0i NepeMEHHOM

MmakopanToii K * (x).
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Einschitzungen der Gewichtsnormen der Faltungsoperatoren

Zusammenfassung: Es sind die Einschdtzungen der Gewichtsnormen der

Integralmittel von Steklow f;(x) und der Faltungsoperatoren erhalten. Die Resultate
griinden sich auf der Einschitzung

[(f*K®<C [ K (h) fan(x)dh,

[0,n1"

wo gerader Kern K(x) besitzt auf [O,TC]N unzunehmendem auf jedem

Wechselmajorant K * (%).

Appréciations des normes de poids des opérateurs de la convolution

Résumé: Sont obtenues les appréciations des normes de poids des moyennes de
Steklov f;,(x) et des opérateurs de la convolution. Les résultats sont fondés sur la

relation

[(f*R®I<C [ K () fap(x)dh,

0,71V

Ou le noyau pair K(x) posséde sur [O,TC]N de la croissante par chaque majorant

variable K *(x).

ABTop: Haxman Anexcandp /lasudoeuu — xanmunatr U3NKO-MaTeMaTHIECKUX
HayK, HoneHT kadenps! «[Ipuknamgnas marematruka u mexanuka», [OY BIIO « TTTY».

Peuensenr: Konoeanoe Burxmop Heanoeuu — JIOKTOp TEXHUUYECKHUX HAYK,
mpoteccop kadenprr «Xumuaeckas umxeHepus», [OY BITO «TI'TY».
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