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Abstract: The class H{ of A-means of the power expansions of analytic

functions @ € H” is constructed. The behavior of A-means for tending of arbitrary
point (y,r) of the circle to a point (x,1) along non-tangential paths are studied. The

estimates for the corresponding maximal operators and theorems of summability almost
everywhere are established. The results for Hardy classes of functions are linked to

performance H/ =LY @if}{’ in which L¢ and Z}{’ , respectively, are classes

of A -means of Fourier series and conjugate series of /' =Re.

Introduction. Formulation of the problem

Denote Q=[-m, 7]; let @ = ¢(z) be function of complex variable z =rexp(ix),
analytic in a circle {z: |z|<1}, Im@(0)=0, 0<r<1,xeQ and

loll,= sup [lo(rexp(ix)|” dx<w, p=1.
O£r<1Q

Class H? = HP(Q), H =H"(Q) of such functions is called the Hardy class [1, vol. 1,
p. 431]. In addition to H 7 consider the Lebesgue class L” = L (Q) of 2m-periodic
functions of a real variable, for which

1/p

1 lp=| [LfG)P de| <o, p21;
0

set L=L(Q)= I (Q) . The behavior of the power series

o(rexp(in) = Y iy (0) ¥ exp(ikx) (1)
k=0
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of functions @€ H”, p>1 on the circle of convergence, when » —1-0, is well
studied. So [2, p. 541]

o(exp(ix)) = rll)flfl 0 @(rexp(ix)) = f(x) +ig(x), 2

existsalmosteverywhere. Here f,g € ¥ and the coefficients in the expansion (1) can
be founded as

1 . .
i () = - [ olexp(in)exp(-ik)de , k=0,1.... ©
0
it is natural to assume that p; (@) =0 for £ <0.If we put
Pexp(ix)) ~ Y g (0) exp(ik) , @)
k=0

then (1) can be considered as a family of Abel-Poisson means of power series (4) on the
circle of convergence. A significant strengthening of the result (2) is as follows

[1, vol. 1, p. 438]. For every function ¢ € H” the limiting values

olexp(ix))= lim  o(rexp(ix))
() (xl)

exist for almost all x, if the point (y,r) is tending to (x, 1), staying in the “corner” area,
characterized by the condition

MSd,d:const,a’>0
1-r
(tending along non-tangential paths). In the future, it will be convenient to change the
designation of taking /= lnl; so h~1-r (r—>1-0). Non-tangential paths for
r
(»,h) = (x,+0) will be now the paths within

Fd(x)z{(y,h)ye[—n, n], 0<h<l, %Sd},dzconst,d>0.

This approach to the behavior of the power expansions of function @€ H” on the
boundary of circle of convergence can be extended as follows. Let

A=y (h), k=01, ho(h) =1} )

be an arbitrary sequence infinite, generally speaking, determined by values of parameter
h > 0. In this paper we study the behavior of A -means

0,,(9) = O(¢, y; A, h) = Y 1y (@)1 (h) expliky) (6)
k=0

of series (4) for (y,/7) — (x,0), (y,h) €I;(x). The main results will be linked to the so-
called estimates of weak and strong type of maximal operators generated by A -means

of (4), A-means of Fourier series and conjugate series of functions f € LF(Q), p>1,
which are, respectively

Up()=U(f ;b= D Ng(heg (f) expliky) @)
k=—o0
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and

Un(f)=Ufyihah) = =i 3 (sgnkhg (e, (Hexplhy) . (8)

f=—0

Here {c; (f)}is a sequence of complex Fourier coefficients
1 VY
(=5 j F(t)exp(—ikt)dt, k=0,+1,+2,.. )
T
—T

Denote /7, L and ij the classes of means (6), (7) and (8), respectively. The

results for Hardy classes of functions will be linked to performance
HY =1} ®iL!.
Specifically [1, vol. 1, p. 173], the relation
o(rexp(iy)) =or(f,»)+i5,(f,¥) (10)

holds for all @€ H? and Reo=fel?, p>1lwhere o,(f,y), G,(f,y) are the
Poisson-Abel means and the conjugate means, corresponding to the case of

Ay (h) = exp(—hk) (still, 7 = lnl ). A more general (than (10)) statement
r

O, y;hh) = U(f, y; 0 h)+ iU(f, 3k h) (11)

was established in Theorem 3.1 of [3] by the using of (3) and arguments of type
[2, p. 542-545].

Maximal operators

Introduce the following operators:

x+n
* * * 1
S £ where f7= £ () =sup ~ [I£()]dr, (12)
n>0 ﬂx_n
(Hardy Littlewood maximal operator) and
f> f*, where f*=f%(x)= sup| j f(x—+:)dt|. (13)

n>0 n<rsn 2tg E

Operators (12) and (13) are defined [1, vol. 1, p. 60, 401-402, 442, 443] for every
f € L ; moreover, in this case there is almost everywhere a conjugate function

7o)=-L 1im

t
X+t)ctg—dt .
T n>40 Jneuza D18

For each p >1 the following estimates of “weak type”

/1l
S

||f||p]p
S

(14)

P
u{er|f*(x)>g>0}SCp( j ,u{er|j'*(x)>g>O}SCp[
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hold; here pis the Lebesgue measure of corresponding sets. Along with (14) the
estimates of “strong type” [1, vol. 1, p. 58-59, 404]

17+ L * @< Cpll £y p>1

(the boundedness of operators (12) and (13) from L” in L” forall p>1)and
£ @+ f* IS CA+ || £An™ [ £ DI 5

1S O, + IS * @ 1,<Cll £l 0< p<1

are valid too. Here and below C will represent constants, which depend only on clearly
specified indexes.

In accordance with A -means (6) — (8), introduced above, we define the following
maximal operators:

¢ > Ox(9), where ©«(9) =Ox«(¢, ;)= sup  |O(@,x;A,h)[; (15)
(»,h)ely (x)

o Ux(f),where Ux(f)=Ux(f,x;\) = sup  |U(f,x;Nh)]; (16)
(v,h)ely(x)

FU(f), whereU ' (£)=U (f,x;0)=  sup  |U(f.x;hh)]|. (17)
(r,h)el g (x)

For each 2 >0 denote m = {ﬁ} . The basis of the results of the behavior of means

(6) — (8) is the following statement.
Theorem 1. Let the sequence (5) decreases so rapidly that

Ny ()] + N [ My (h) |= o). N =, (18)
and there is a constant C = C,, such that

YA 5y <C (19)
k=1

Then, for all f € L(Q) the estimates

U (f,x0) <Cuf *(x), (20)
0" (fx0) <Gl * 0+ 7" ) 1)
hold.
Auxiliary assertion

Consider [1, vol. 1, p. 86, 153] the conjugate Dirichlet kernel

~ k cos(k +l)t
Dy ()= Zsin vt = - 12 (22)
v=1 2tg—t  2sin—t
2 2

and the conjugate Fejer kernel
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k ~ =
fk(t):ﬁZlS(t): L _ Fi(t) where Fi(ty=—S08kDt_ o3

) 2to - ¢ 20k +1)sin® ¢
g7 (k+1) 2

k=0,1,.; Dy(t)=F_ ()=0.
Lemma. Forall £=0,1.... and (y,h) €T,;(x) the estimate

Y
~ k * ~%
| [ 1) Futy =y | < C(l +;j(f )+ 7" () 24)
T

holds.

Proof. Let's start with a few comments. At k£ =0 the left side of (24) vanishes, so
consider £ =1,2,...

If (y,h)eT,;(x), then, obviously, | y—¢|2=|x—t|—dh. Hence, for x and ¢, such,
that

lx—t]>L>2dn 25)
m

the estimate

1
|y—t]|z-|x—t] (26)
2
is valid. Indeed, (26) follows (cf. (25)) from inequality
|y—t|2|x—t|—dh2%|x—t|

for all (y,h) €I;(x). Then, by definitions (23), the estimates

|Fe(o] <k, 1t]<m; 27)
=~ 1
‘Fk(t)1SC—2, 0<|t|<m (28)
kt
hold.
Assume firstly k& < m and obtain the relation (24). By (27) and (28) we have
T - X+ T - -
[roFp-nd| =| [r0OFG-0dl=| [rOF(-nd|<
—n x-T [x—t|<m

<clk [ lrope+ | f(t)ctgyz_tdt+ [ \f(t)|‘1§k(y—t)‘dz=

\x—z\gl lS‘X*t‘STC —<|x—t|<m
k k k

= C(J | (x,k) +J 5 (x, k) +J 3 (x, k) | (29)

It is obvious that
sk
J1(xk) < f (%) (30)
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Further,

—t sin ;y
! < Lepojen SIS
k k
Taking into account (26), we have
~ 1
ek < @b [ 10—t |.
1 (x—1)
—<|x—t|<Tn
k
Here [4]
1 1
| SOl = Jl7rnl s
lS\xft|Sn * lS\t|£7‘c
k k
S k .
SCkZ( , 1)2 j|f(x+t)|dtkaf (x), 1)
i—1(0/~ . .
’ 2 <<¥
k k
if a positive integer S chosen from the condition
2S71 2S
—<n<—.
Hence
~x% k * ~x% *
TRERIE C(f (4 f (x))s A7 @+ ). (32)
Finally, in view of (26) and (31)
J3(nk) <CfF(x). (33)

Now, according to (29), (30), (32), (33), the estimate (24) is valid at all £ <m.
Consider now the case of k& >m . By (29) we have

[r@oF -t

—T

<c|  fif@ka+| | f(t)ctgyT_tdt-i-

[x—t|<1/m

1
— <|x—t|<m
m

+ j| o) ‘ﬁk (y— t)‘dt = C(%Jl (x,m)+J 5 (x,m) +1(x, k,m)j R
—<p—<n
According to (30) and (32) we obtain
Jim) < £ @, Vo em< 7w £ w).
Further, in view of (28) and (31)
1(x,k,m)) < C%f*(x) <Cf ().
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It follows now from (34) that

[roFp-nd

—T

<+ 57 @+ 1'w)

forall k>m.
Thus, the estimate (24) is valid for all k=1, 2, ..., and lemma is proved.

Proof of theorem 1

We shall prove (21), the proof of (20) is similar to (or even easier, [5]). Applying
(9), Abel transform twice [1, vol. 1, p. 15], the obvious estimate |Dy(?)I<N,

N =1,2,...,(cf. (22)), and (27), we obtain

TCf, p3.h)| =

T N
Nlif.ioo% jﬁ f(t){]; Ay (h)sink(y — t)}dt

T

1Ngn1w{xN<h) [ 7)) Dy(y-0ydi+Nony y(h) [ f(e) Fyy(y-t)di+

T T

N-2 T _
£ DN [ fOF(r-1) dt}

k=1 —T

<C lim { (V oy () |8 | ) )

N—>+xn

[roFy-nadr

m N=-2 b
[lr@rdi+ Y e+ D80 W) [ fO)F (v 1) dr
g k=1 “n

Due (18) it follows that

O yihi|< ci (k + 1)‘A2k k(h)‘
k=1

According to (24), we obtain
~ ~x% * > 2 k
G vm|< i @+ @)Y W) & [H;) ,
k=1
and, because of the condition (19), we have the assertion (21).

Estimates of the weak and strong type

Theorem 2. Under the conditions of Theorem 1 the estimates of weak type

P
||f||pJ pal
S

wixe Q| (If)(x)>¢>01<Cp (
and strong type
1Ty < Cpll fllps P>1

177 11 G+ | 1))
17 1,5 Cpall 11 0< p<1
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hold if 7f are any of the operators (15) — (17).

The assertion of theorem for the operators (16), (17) follows from Theorem 1 and
the corresponding estimates for (12), (13) cited in paragraph 2. The assertion for the
operator (15) now follows from (11).

Non-tangential summability

Theorem 3. If the sequence (5) satisfies the conditions (18), (19) and

lim A, (h)=1, k=0,1,.., (35)
h—0
then the relations
lim  U(f,y;hh)=f(x), (36)
(y,1)—=(x,0)
(»,h)ely (x)
lim  U(f,yhh)=f(x) (37)
(y,h)—>(x,0)

(y,mely (x)
hold almost everywhere for each f € L(Q) . Under the same conditions on the sequence
(5) the equality
lim  6(q, y; 1, h) = @(exp(ix)) (38)
(y,h)—>(x,0)
(y:mely (x)
is valid for each @ € / and almost all x .

The relations (36), (37) follow from the weak type estimates (Theorem 2) and
condition (35) by the standard method [1, vol. 2, p. 464-465]. The relation (38) follows
from (11), (36) and (37), when you consider that the limit of the left side (38) almost
everywhere is

J@+i f(x),
which is equal o(exp(ix)) by (2) u (11).

Piecewise convex summation methods

It was noted in [3] that under the conditions (18) every piecewise-convex sequence
(5) satisfies the condition

Zk‘Azkk(h)‘ <C,.
k=1
By virtue of piecewise convex sequence (5) the second finite differences

Azkk (h) retain the sign. Suppose for definiteness, it will be a plus sign at all sufficiently
large k (depending, generally speaking, from %), namely k > t(m), where T=1(m) —
some positive integer,

t=t(m)=1t(m,\) <m. (39)

The sum (19) does not exceed

CK[ZkAzxk(h)-i- Z’i‘&xk(h)‘). (40)
k=1 k=m
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In the second sum in (40) all Azkk (h) are positive by (39); applying twice Abel

transform, we have

[e'e] 2 0 [e'e]
Z‘Azk k(h)‘k— 1 > K2 (h) = l(mzAzkm(h) + Y k-Dan k(h)} -
m m m
k=m k=m k=m+1
2m+1

1 o0
Ay () += D Ay () .
k=m+2

= mA*,, (h) +

Thus, under conditions (18) and

D) <G, (1)

k=m+2

the assertions of Theorems 2 and 3 are valid for each piecewise-convex sequence (5).
Exponential summation methods

Summation methods
ho(h) =1, A (W)=A(x,h) [y=f » Kk =1,2,..., where A(x,h) = exp(=ho(x)) ,

were studied in [3] in the case of “radial” convergence; in particular, it was given the
condition of piecewise convexity of sequence {A,(/)}. In this paper we consider

Mx,h) = exp(— hx“), a1,

42)
This function is a piecewise-convex, since
A h)=—ahx® ) A(x,h) = ahx®7? (hax“ —(a— 1)) (43)
and the second derivative (43) changes its sign once. Consequently, the sequence
Ai(h) = exp(— hka), a>l, (44)

is a piecewise-convex too, and the second finite differences have constant sign for all

L
k>(2d(a l)j m“ sothat t=1+ (Mjam“ ;
o o

at the same time t < m for sufficiently large m.
It is obvious that condition (35) is valid for the sequence (44), and is also easy to
verify the conditions (18), since (by Lagrange's theorem)

Al (h) = oh(k + (9)0‘_1 exp(—h(k +0)*), where 0 =0(k) € (0,1) .
We verify the satisfiability of condition (41). Because of decrease of the function
(42) we have a sum in (41) not exceeding

1 & 17 ~ 1 L
= 0| s—fexp(—hx‘*)dx——h afza exp(—t)dt < Cyh ar( )
m m
k=2 0
(45)
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1 . . .
where I’ :F(—)— Euler gamma function. For o >1 the right side of (45) does not
o

exceed a constant that depends only ono . Thus, Theorems 2 and 3 are valid for
exponential summation methods (44).
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HexkacarejibHasi CyMMHPYEMOCTh
CTeNeHHbIX pa3JiokeHuil QyHKIuUil kiaccoB Xapau

A. I. Haxman

Kageopa «Texnuueckas mexanuxa u 0emany MQuiuny,
@I'BOY BO «TI'TY», e. Tambos, Poccus,; alextmb@mail.ru

KioueBble cj10Ba: MakcHMalbHBIE OIEPATOPBI; HEKAacaTelbHAS CYyMMHUpYe-
MOCTB; OILIEHKH €Ja00r0 U CHUIIBHOTO THUIIOB.

Annotanus: Ilocrpoen knace H/ 0GOOLICHHBIX A -CPEIHHX CTENCHHBIX PALOB
anamutraeckux ynkuuii @ € H” | M3yueno nopenenue A -CpeaHHX TPH CTPEMIICHHH
MPOM3BOJIEHOM TOUKM Kpyra (,7) K Touke (X,1) M0 HeKacaTeIbHBIM HAIPABICHHAM.

[Tomy4eHb! OLIEHKH COOTBETCTBYIOLIMX MaKCHMAJIbHBIX OIEPATOPOB M TEOPEMBI O CyM-
MHPYEMOCTH TMOYTH BCIOAy. B OCHOBE pe3yibTaToB JISKUT IIPEICTABICHHE

HP = 1% @iff , B kotopoM LY 1 Zf COOTBETCTBEHHO, KIACCHI A -CPEIHHX PAIOB

dyphe U COMPSHKEHHBIX paoB pyHkumit f = Re@.
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Nichttangentiale Summierung der Potenzzerlegungen
der Funktionen der Hardy-Klasse

Zusammenfassung: Es ist die Klasse Hf der verallgemeinerten A -mittleren
Potenzreihen der analytischen Funktionen @ € H” aufgebaut. Es ist das Verhalten von
A -mittleren beim Streben eines willkiirlichen Punktes des Kreises (V,7) zum Punkt

(x,1) nach den nicht Tangentialrichtungen erlernt. Es sind die Einschitzungen der
entsprechenden maximalen Operatoren und des Theorems iiber der Summierung fast

iiberall erhalten. Zugrunde der Ergebnisse liegt die Beibringung H{ = L2 @i Ll , in der

L{ " Zf , entsprechend, die Klassen der A-mittleren Reihen von Foirier und der

verkniipften Reihen der Funktionen f =Re@.

Sommation non-tangentiel des extensions de puissance
des fonctions de classe Hardy

Résumé: Est construite la classe H{’ des séries moyennes de puissance des
fonctions analytiques . Est étudié le comportement des moyennes A lors de la quéte de
l'arbitraire d'un point d'un cercle (»,7) a un point (x,1) par les directions non-

tangentielles. Sont obtenues les évaluations des opérateurs maximums correspondants et
du théoréme de la sommation presque partout. A la base des résultats se trouve la

représentation HY = LY @ i L?, dans laquelle LY w Z}’f sont respectivement les classes

des séries moyennes de Fourier et des séries de fonctions f =Reo.

ABtop: Haxman Anexcanop /laguooséuy — xanaunat GU3NKO-MaTEMaTHIECKUX
HayK, HOIeHT Kadenpsl «TexHmueckas MexaHWKa W Aerann Mmamua», ®I'BOY BO
«TI'TY», r. Tam60B, Poccusi.

Penenzent: Kyaukoe I'ennaouii Muxaiinoguu — 1oxrop (Gu3HKo-MaTeMaTuiec-
KUX Hayk, npodeccop, 3aBelylOUIMH Hay4HO-HCCIIEJI0BATENLCKON Jlaboparopuei
«MexaHuKa UHTEUIEKTYalbHbIX MaTepHalioB U KOHCTpykuuity, ®I'bOY BO «TT'TVY»,
r. Tam60B, Poccus.
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