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Abstract: We consider the semi-continuous methods
A={A;(h), k=0,,.;2>0} of summation of Fourier series and conjugated Fourier

series, generated by exponential functions A(x,%)=exp(-hu*(x)), o.>0. The

estimates of L’-norms of the corresponding maximal operators are obtained.
As consequence, we get some results about exponential method of summation of the
Fourier series almost everywhere and in I/-metric.

Introduction

Consider f = f(x) e L([-=,7t]), and let

Up()=Uxshah) = S hg(Beg () explik), (1)
k=—o0
To(1) =0 xstahy =i S (sgn k) () e () exp(ik) @)
k=—w

be the set of a linear means of Fourier series and conjugate Fourier series respectively.
In various questions of the analysis there is a problem of behaviour of (1) and (2)

Y
when /7 —+0. Here ¢, (f)= ZL J‘f(t) exp(—ikt)dt, k=0,£1,£2,... are complex
T
-7

Fourier coefficients,
A={\;(h),k=0,1,..} 3)
is infinite sequence defined by the values of parameter /> 0. This sequence defines

so-called semi-continuous method of summation. The regularity conditions of such
methods will be the following [1, p. 79]:

Ao(h) =1, lim Ay (h)=1, k=0,1,..; 4)
h—0

sup Y [A Ay (h)|< . (5)
h>0r =0
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The similar problems for (1) have been studied by L. I. Bausov [2] in case of
discrete A.
We consider the semi-continuous methods of summation corresponding, basically,
to the case of
Aoh) =1, Ap(h)=A(x,h) |—f, k=12,...,

where
M(x, h) = exp(—he(x)), (6)

and function ©@(x)e c? (0,+0). Note that if A (h)=exp(—hk) we get Poisson-Abel
means [3, vol. 1, p. 160 — 165].

T 1/p
Let ||f||p:(j|f(x)pde be a norm in Lebesgue space LP (p>0;
-7

L=L" | £]=l 1)) and

F)=-% lim [ F(e+1)ctgdr
2 g>5+0 2
e<ft|<n
be a conjugate function; this function exists almost everywhere for each felL [3,
vol. 1, p. 402]. Define

Us(f)=Us(f,x30) = Zup0| U (f,xhh)]; Ue(f)=Us(f,550) = i“‘é' U(f,x:0h)].

Estimates of I”-norms

The sequence 3) is called a convex (concave), if
Ai =AML (h)=hp ()= 2Ky (B)+Apyn(R) =0 (A,z < O), k=0,1,... The sequence

(3) is piecewise-convex, if A%C changes sign a finite number of times, k = 0,1,...
Theorem 1. If the sequence (3) is a convex (a concave) and

A (W) Ink = O(1), k — oo, 7
for each 4> 0 then the estimates
1Us(N) Ny + 1T« < Cpa 1D lps P> 1 (®)
[T + 10| < CaAQ+]] £n* | £ ][] )
TNl + 1T < Cpall (N, 0< p<l (10)

hold.

Here C will represent a constant, though not necessarily one such constant.

The estimates (8) — (10) remain valid, if a piecewise-convex sequence (3) satisfies
to the condition (7) and there is constant C =C,, such, that

| A (h) | +k | ALy (h) [< Cy (11)
forall >0, k=12,...
Proofs of both statements will be based on the Abel transform of sums (1), (2) and
on the estimates of Fejér means [3, vol. 1, p. 148] by maximal operators

x+h

fh=f ) =sup % [lr@de and "= f"x)=sup f(x+tt)dt_
720 T h>0\h<if<n 2tg 5
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Thus the inequalities (8)—(10) occur when [[U«(f)]], +\|U*(f)||p is replaced by
L 1y +1F* Dl 1, vol. 1, p. 5859, 4041,

Theorem 2. Let the sequence (3) be a convex (a concave) and at every /&>0
satisfies the conditions (7) and (4). Then relations:

lim U, () = f; (12)
h—0
lim U, (f) = f (13)
h—0

hold almost everywhere (a.e.) for every f € L and in the metrics L¥ for every p >1.
The statements remain valid for every piecewise-convex sequence (3), satisfying
to conditions (4), (7), (11).
Besides, under the formulated conditions the relation (12) holds in each point of a
continuity of function f. The relation (12) holds uniformly over x for everyone
continuous f. Last statement does not extend, generally speaking, on a case (13).

Auxiliary statements

Lemma. If a piecewise-convex sequence (3) satisfies to conditions (7) then the
following relations hold:

Us(f50) < C £ () Yk + DA () (14)
k=0
Ta(f,30) < c(f*(x) + f*(x))Z(k + 1)‘A2kk (h)‘. (15)
k=0

Proof. We shall prove (15); the relation (14) one can deduce exactly in a similar way.
According to the integrated form of Fourier coefficients and Abel transform we obtain

T N
Uy(f)=U(f,x;\h) = Nlim % j f(r){z;bk(h) sin k(x—t)}dt -
—>+00 ot =l

L gim {x v (h) J' Fxe+0Dy () dt + NAL g (h) + j Fe+OFy () dt+
TN —>+00

- -
N-2 n N
+ Z(k+1)A2Xk(h)jf(x+t)Fk(t)dt ' (16)
k=0 Cn
Here
k | cos(k + )t _ |k | ~
D)= sinvi = - 12 . E@=—S D)= —F,(1)
vl 2tg—t  2sin—¢ k+155 Qg1
2 2 2

are conjugate Dirichlet and Fejer kernels, respectively, and

= cos(k + 1)t

F (1) = (—)1

2(k +1)sin? S

Further, we shall establish the following estimates for the integrals containing in
the right part of (16):
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j F(x+ 0Dy (f)dt

<Cf (x)nk, k=2,3,..; (17)
-7
n ~ ~
jf(x+t)Fk(t)dt £C(f )+ f (x)), k=0,1,... (18)
—T
For this purpose we shall use the obvious inequalities:
D (0] +|Fe 0] < Clk+1), 0<i<m, k=0.1,..; (19)
|Dk(t)|<Cm 0<|t|<m,  k=0,1,.; (20)
‘ﬁk(z)sc ! 5, 0<|t|sm  k=0,l.. 1)
(k+Dt
751 7S
and choose a natural numberS=S(k), k=0,1,.., such that —<n<—0:!
k+1 k+1
According to (19), (20), we have
k+1
|f(x+t)|dt+z [I7G+nd <
1 J-1 J
<~ L <2
k+1 k+1 == k+1

<CA+28)f (x)<Cf ()Ink, k=23,..

Further, we shall prove (18). In view of relations (19) and (21) we obtain

[rGe+ 0 () ar

-7

. 1 e 285
k+1 k+1

S k+1 * ~u
Y I ld | <+ 7).
=127 B

K+l k+l

<l (k+1) j|f(x+z)|dt+ j ﬂx—+t’)dz+

The statement (15) is now a direct consequence of equality (16), estimates (17), (18),

relations (7) and ALy (h) = O(%), k — oo. The last relation is valid [3, vol. 1, p. 156] for

any convex oOr piecewise-convex sequence.

Proof of the theorems 1, 2

We consider a case of a piecewise-convex sequence A. Then A () keeps the

sign for m <k <n, where m and n are some natural numbers. By Abel summation

formula we obtain

i (e + DA () =Dy (B = Dy (1) + (m+ DALy (B) = (n+ DAL 1 (h).

k=m

(22)
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Hence, Z (k+ 1)‘A2}. k(h)‘ is equal to finite number of sums, each of which looks
k=0
like (22); if n — +oo then A, (h)+(n+1)AN, 1 (h) —> 0 [3, vol. 1, p. 155-156]. Now,

using relations (11) (14), (15), and (22) we obtain the second statement of the theorem I,
the first statement can be received by similar arguments.

The statements of the theorem 2 (convergence a.e. and in metrics L) follow from
(22) and (11) by standard arguments [3, vol. 2, p. 464-465]. It is necessary to notice,
that the conditions of regularity of A -method are valid; the validity of (5) follows [4,
p. 748] from (22) and (11).

The convergence (12) in points of continuity and uniformly over x follows from
(14) and Banach-Shteinhaus theorem. To use this theorem it is enough obtain the
boundedness of Lebesgue constants of summation method. In turn, it will be follow
from (14), (22), (11) for f =1 if to notice that F (¢) > 0.

The last statement cannot be extended to a case (13) because the conjugate
function f can lose a continuity in points of continuity f [5, p. 554].

Convex and piecewise-convex exponential summarising sequences

We shall address to consideration of a case (6). It be required to us

Ny (6, h) = ~hexp(-ho()@'(x), 1y (x.h) = hexp(~ho())(h(@'(x)? ~¢"(x)). (23)

Let restrict oneself, basically, to consideration of functions

o(x) =u®(x), a.> 0.
Theorem 3. Let u e C*(0,4%), u>0, u" <0 (xe(0,+%)), 0<a<l,
Mx, k) = exp(=hu® (x)), (24)
and

exp (—hu®(x)) Inx =O(l), x — +o (25)
for every 4> 0. Then the estimates (8) — (10) are valid and the relations (12), (13) hold

a.e. for every f € Land in the metrics L”, p >1. These assertions remain valid if

V=V(x)=ohu®*@)* —(0-)u)? —uu", a>0 (26)

has on (0,4 ) finite number of zeros, the conditions (25) is satisfied and there is

constant C=C, such that for all 2> 0, x € (1,+o0)

xhexp(-hu® (x))uOL_1 (x)|u'(x)| <Cyo- 27)

Proof. We shall apply the results of theorems 1, 2. The condition (7) is satisfied by (25).
It is remain to prove that (24) is convex for 0< o <1. According to (24), (23), (26) we

have
A (x, h) = ahexp(—hu® (x))uoc*2 (xX)V (x). (28)

Then A7, (x,h) <0 for u”(x)<0 and 0<a <1 as it was required to obtain.

Further we shall notice that the formulated condition on function V' (x) in (26)

provides a piecewise-convexity of sequence (6), defined by (24). Really, let, for
example, V(x) is a function of constant sign for m<x<n+2 (m and n are some
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non-negative integers). We shall apply to A(x,%) (as functions of x) the Lagrange
theorem twice (on [k, k+1] and on [k + 6,k +2] respectively):

Ahye(h) = =N (k+ 0y, h);

Azkk (h)=1-0DAY (k+6;+05,h), (29)
where 91 = el(k), 62 = ez(k), 91 5 62 S (0,1) Let 6 = 91 + 62. If m<k< n, then
m<k+0<n+2, such that AL (h) is sequence of constant sign by (29).

Since a number of intervals (with the integer ends) on which V' (x) is a function of
constant sign, is finite, then A « (h) has finite number of changes of a sign. It remain
to note the validity of (11), if condition (28) holds.

Theorem 3 is proved.

Examples

1. Let u(x)=Inx, then

Lo(h)=1, Mx,h)= exp(— hln® x) x>0, a>0. (30)

It is evidently that (25) holds. For 0 < a <1 the sequence (6), defined by (30), is
convex.
If a>1, then function (26) vanishes once; hence, the summarising sequence is

piece-convex. It is remain to note that hexp(—hlnOL x)lna_lle—
nx

(h In* x)exp(— hln® x)S C, atall a>1and x> 2.

So, the statements of theorem 3 hold for a case (30) at all o >0. In particular
(a=1)

1 . R 1 . =
o)+ 3 er(Fexplik) > £() and =i 3 (sgnk) e (/)explik) > 70)
1<]k|<o0 k=00

a.e. for everyone f € L and in metrics L, p>1.

2. Let u(x)=x, then

Ao(h) =1, A(x,h)=expl-hx®), x>0, a>0. 31)

It is evidently that (25) holds. For 0 <a <1 [6] the sequence (6), defined by (31), is
onvex. If a>1, then function (26) vanishes once; hence, the summarising sequence is
piece-convex. It is remain to note that

I1exp(—hx°°)xOL <C, atall a>1 and x>0.
So, the statements of theorem 3 hold for a case (31) at all o> 0. In particular

1 . .
(oc =Lh=In—,0<r< 1) we obtain the convergence of Poisson-Abel means
r

o0 o0

Up(f.x)= D r¥leg (fyexplike) and U, (f,x)==i Y (sgnk)r¥le (f)exp(ikr).

k=—0 k=—o0
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3. Consider a method of summation defined by the function
A(x,h) =exp(—h P, (x)), x >0, (32)

where P, (x)=a,x" +a, x" ' +..+ay, a=a,>0 isany polynomial, n=1,2,... By

relation (23) A, (%, x) = exp(-hP,(x))h¥ (h,x), where

W (h,x) = h(P) (x))* = P}y (x). (33)

The right hand part of (33) is a polynomial of degree of (2n —2), so it has no more
(2n —2) changes of signs. Hence, the condition of piecewise-convexity of sequence (6)
is satisfied.

Verify a condition (11). The production k|AXj (h)| is a value of function

xXhB,(x) _ W) 0,(%)

m(x) = = )
exp(hF,(x))  exp(hb,(x)) B, (x)
where
0, (x) =xB; (x). (34)
0, (x)

Then |m(x)| is bounded, since —>n (x—>+00), and the first fraction

ﬂx

B 34y looks like ——, £ 0.
exp(hP,(x)) expt

So, the statements of theorem 3 hold for a case (32) atall n=1,2,...

Operator of the translation type

1.Let feL and

() f@) - fx+h) ~ Y ep(f)expikh)exp(ikx)  (h>0)
k=—0

is a translation operator. Using the integral form of Fourier coefficients c; (/) we have

F(x+h)~ [i [, f(t){% ; g:lcos kh cos k(x— t)}dt —i [ f(t){i sin kh sin k(x — t)}dt}.

- k=1
(35)
By analogy with (35) we will consider two summarising sequences A, A and operator
of translation type

(N =t A Asx): £(0) o Ufox ) =T (f 37 h); (36)
denote t«(f) = t*(f;A,/N\;x):sup th(f;A,lN\;x}
h>0

Applying to (36) theorems 1, 2, we obtain the following statements.

Theorem 4. If the elements of each sequence A and A satisfy to condition (7) and
both sequences have certain character of convexity, then the estimates (8) — (10) hold

with replacement ||Ux(f)|], +||l7*(f)||p on || t+(f)I, . The statement remains valid

for any piecewise-convex sequences A and A which elements satisfy to conditions of
a kind (7), (11).
If the condition (4) is besides, satisfied, then the relation
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lim ()= f - f
h—0

holds almost everywhere for everyone f € L and in metrics L7 atany p>1.
2. The result of theorem 4 can be applied to the operator t;,(f)

f@) P 1 (fiu,0s0.B:0) = Y exp(—hu® (| k[))eg (f) exp(ike) +
k=—0
+i Z (sgnk) exp(—%coB (k |))ck (f) exp(ikx).

fk=—0
Let u(x) be one of the following functions: u(x) =Inx, or u(x)=x, and o(x)=Inx
or @(x)=x. Then for every o >0, >0 the relation

lim 7, (f5u,050,B5x) = f (x)
h—0
holds a.e. for every f e L and in the metrics L” (p >1).
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IKCNOHEHUMAJIbHbIE MeTObl CyMMHPOBaHUs psiioB Dypbe
A. JI. Haxman', B. II. Ocunenkep’

Kageopwi: «llpuknaounaa mamemamuxa u mexarnukay, @I'BOY BIIO «TI'TY» (1),
«Bvicuwasn mamemamuxay, @I'6OY BIIO «Mockosckuii 2ocyoapcmeetHblii
cmpoumenvHblll yrusepcumemy (2); alextmb@mail.ru

KuioueBbie ciioBa M ¢pa3bl: BHITYKIbIE, KyCOYHO-BBITYKIIbIE IKCIIOHEHIH-
aJIbHBIE CYMMHPYIOIIHE IOCIEI0BATEILHOCTH; OLEHKH [P-HOpM; CXOIUMOCTH MOYTH
BCIOZLY.

AHHOTAIMSA: PaccmatpuBarotcs MOJTyHETIPEPhIBHBIC METO/IbI
A={k;(h), k=0,1,..;h>0} cymmupoBanus psnoB Dypbe U CONPKEHHBIX DPAIOB
Oypbe, MOPOXKICHHBIE AKCIOHEHIUAIBHBIME (yHKIMSIMH  A(X, /) = exp(— hu® (x)),

o >0. TlomydeHsl oneHKH L’-HOPM COOTBETCTBYIOIIMX MaKCHMAIBHBIX OIMEPATOPOB.
B kaudecTBe cieACTBHS NPUBOISITCS HEKOTOPHIE PE3yJbTAaThl 00 SKCIOHEHIMATbHBIX

METO/IaX CyMMHUPOBaHuUs psiioB Dypbe mouTH BCroy U B MeTpuke LP.
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Exsponentialmethoden der Summierung der Reihen von Fourier

Zusammenfassung: Es werden die halbununterbrochenen Methoden
A={A;(h), k=0,],..;h >0} der Reihen von Fourier und der verkniipften Reihen von

Fourier, die von den Expontionalfunktionen A(x,%)=exp(~hu®(x)), o >0. erzeugt

wurden. Es sind die Einschitzungen von L”-Norm der entsprechenden maximalen
Operatoren erhaltet.Als Untersuchung werden einige Ergebnisse tiber die
Expontionalmethoden der Summierung der Reihen von Fourier fast {iberall und in der

Metrik L” gebracht.

Méthodes exponentielles de la summation des séries Fourier

Résumé: Sont examinées les méthodes semi-continues
A={A;(h), k=0,1,..;h>0} de la summation des séries de Fourier et des séries
conjuguées générées par les fonctions exponentielles A(x, %) = exp(—hu*(x)), o > 0.

Sont regues les estimations L”-normes des opérateurs correspodants. En qualité de
conséquence sont cités les résultats sur les méthodes exponentielles de la summation

des séries Fourier presque partout et dans la métrique L”.

ABtopbl: Haxman Anexcanop /lasudoeuu — xannuaat (pu3nKo-MaTeMaTHIECKIX
HayK, noueHT kKadenpbl «[IpuknanHas maremaruka u Mmexanukay, ®I'BOY BIIO
«TI'TY»; Ocunenxep Bopuc Ilempoguu — 1OKTOp (PU3MKO-MATEMATHUECKHX HAYK,
npodeccop kadenpsr Boicuieir marematiku, PIBOY BIIO «MockoBckuii rocyaap-
CTBEHHBIHM CTPOUTENBHBIN YHUBEPCUTET», . MOCKBa.

Penenzent: Kynuxoe I'ennaouii Muxaiinosuy — nOKTOp (QHU3MKO-MaTeMaTu-
YecKnX Hayk, mpodeccop, 3aBeayrommii kadenpoir «[IpukimagHas wmaremarvka
u Mexanukay, ®I'bOY BIIO «TT'TY».
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