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Abstract: The issues of studying existence domain of a solution to an optimal
control problem under random perturbances such as «white» noise are considered.
Mathematical apparatus of optimal control theory and method of synthesizing variables
are used.

Introduction

One of the main stages of optimal control analysis is the study of issues related to
the existence of a solution to an optimal control problem (OCP). The existence of OCP
solutions and, consequently, the successful achievement of control objectives is
dependent on a number of factors, which include: constraints on control actions and the
control time interval [1], as well as the intensity and nature of the effect of perturbances.
Perturbances are an important factor determining the construction of a control system,
since they usually lead to adverse effects in the behavior of controlled objects [2],
therefore it is desirable to take them into account at the early stages of optimal control
system design.

The authors propose a research method for existence domain of a solution to an
optimal control problem by dynamic object under random perturbances such as «white»
noise.

The mathematical formulation of the optimal control problem
under random perturbances

OCP is solved for object with dynamics model
z = Az(t) + Bu(t) + Cw(z). (1)

OCP is a transfer of object in set time interval [#, ¢, ] from the initial to the final
state of phase coordinates vector, i.e.

2(ty) =z > 2(t, )=z, 2
with constraints on control action at each time moment
Vielty, tp]: u(t)eluy,uy] 3)
and minimum of the functional
J = f(u(?), z(t), t) > min. 4)
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The input data array, which is required for the numerical solution of the problem
(1) — (4), is defined as

R=(4, B, C, u;, uy, zg, Zk»> Lo> > Oy)-

In this problem: A4, B, C — matrices of parameters for object dynamics model
with nxn, nxm and nxm dimensions; z(t) — n-dimensional vector of phase
coordinates; u(t) — m-dimensional vector of control actions; w(t) — m-dimensional
vector of «white» Gaussian noise with zero mean values and standard deviation, which
are set by m-dimensional vector ¢,,; z,, z; —n-dimensional vectors of initial and final
values of phase coordinates; u;, u;, — m-dimensional vectors of upper and lower
boundary values of the control actions; J— minimizing functional.

Description of the Research Method for Existence Domain of a Solution
to an Optimal Control Problem under Random Perturbances Such as White Noise

Conditions of existence the solution of OCP under random perturbances can be
determined applying the method of synthesizing variables, according to which, the
normalization of the original problem is made (1) — (4) and the vector of synthesizing
variables is introduced, which is uniquely determines the kind and parameters of the
optimal control actions [3]. Normalization of the original problem is significantly
reduces the dimension of OCP.

Research method for domain of a solution to an OCP under random perturbances
such as white noise (1) — (4), contains the following steps:

1. Normalization of the original problem. In the normalized OCP, time interval and
the region of acceptable values of control and disturbing factors is constant:

telty; ty]—>T €[0; 2];
u)elu;u, ] —UT) e[-L1];
wlt) € [w; wy ] ——W(T) e[-1; 1.

It should be noted that the normalization of disturbing factors requires a priori
information about the ranges of the components of the vector w(¢). In the case of
«white» Gaussian noise with zero mean value the boundary values of perturbations can
be set in accordance with the «three-sigmay rule:

w; ==306,,; W, =30,,.

2. Solving of normalized problem

_ 2 _
Z(p) = 2(19)+ ["CI[BU()+ CW (1)) dr,
0
where Z, E, C — matrices of parameters for dynamics model of object in normalized

problem.

3. Introduction of an n-dimensional vector of synthesizing variables A. In this
case, equations for calculation of components of the vector A are derived from the
solution of the normalized problem, which are obtained in the previous step:

A=(Ly Ly L) L = f;(R) = g(U(T).W(T).R), i =L,n,

where L; — components of the vector A; f;, g; — functions, which are obtained from
solution of the normalized problem.
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4. Construction the region of existence OCP solution in the space of synthesizing
variables, which is bounded by the surfaces:

li li li LT .
L™ =g U™ (). W™ (T)R), i=Ln, j=lm;

lim ) 1 ~LT<T}; 2 LT<TP;
g (T):{Uj,Uj}; Uj(T) = : Ui ()=
l,TZij; —1,T2T]P;
. -1, T<T?; LT<T?;
wim(T) = {W},sz }; WHT) = T WD) = /
' o ' LT >TF; ' ~LT2TF;

where T jp — switching times.
5. Allocation of three types of areas in the space of synthesizing variables: S, —

areas of the guaranteed existence of solution; S,, — areas, where possibility of the

existence of solution of OCP is determined by the random nature of the influence of
noise; S, — areas, where solution of OCP does not exist. The domain of existence OCP

solution is the union of S, and S,
§=8,U8,.

6. Determination of the possibility of existence OCP solution depending on the
position of the point ¢(L;,...,L,) in the region of solution existence, where coordinates

of the point are values of synthesizing variables obtained in the third stage
Li=f(R), i=ln.

Conditions of existence OCP solution (1) — (4) can be formulated as:
1) if o(Ly,...,L,) € Sy —solution of OCP exists;

2) if o(Ly,...,L,) € S,, — possibility of the existence OCP solution depends on the

nature of noise influence;
3)if o(Ly,...,L,) € S, — OCP solution does not exist.

Practical application of the proposed method

The practical significance of the proposed method is that it allows checking the
possibility of the existence OCP solution without determining the type of the function of
optimal control directly from the values of the array of initial data components.

Graphical representation the region of solution existence for the objects described
by models of dynamics in the form of an aperiodic element of the first and second
orders, and also the initial data arrays are shown in Table. More detailed results of
applying the proposed method can be found in [4, 5].

In the practical investigation of OCP for a specific object, the requirements related
to noise stability of algorithmic support of the optimal control system can be formulated
based on the results of application the research method presented in that paper. For
example, if the possibility of the existence OCP solutions is defined by character of
disturbing effects influence ¢(Ly,...,L,) € S,, (see step 6 of the method), then it is

necessary to use special algorithms which allow to reduce the negative impact of noise
to increase probability of achieving the control objectives.
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Practical examples

. 2 =2,(1),
D{)‘;*‘fﬁgifbg‘;‘;fe‘ 2= az(t) + bule) + ewlt) i - 21% ()t) N jzZ)z(t) .
+ bult )+ cwlt

The input array of Ry ={ay,ay,b,¢,210, 21y »
OCP Rl:{a,b,zo,zk,ul,uh,to,tk,cw}
220> 224 Ul Ups 10> 1Oy b

The cross sections the SW SW
region of existence
OCP solution in the
S .. S IS
pace of synthesizing g8
variables

SO SO

Conclusion

The authors propose the research method for existence domain of a solution to an
optimal control problem by dynamic object under random perturbances such as «white»
noise.

Application of this method in the analysis phase allows checking the existence of
OCP solution without defining form of optimal control function directly through the
array of input data.
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Metoa ncciaenoBanus 00J1aCTH CyIeCTBOBAHUS PellIeHUA 3a1a4H
ONTHMAJILHOTO YNIPABJIEHUA MPH HATUYMH CIYyYalHbIX BO3MYIIEeHUI

A.H. I'pudkos, C.B. ApremoBa, U.A. Kypkun, I1.A. IlogxBaTniima

Kageopa «Koncmpyuposanue paouosiekmponnsix u MUKDORPOYECCOPHBIX CUCTEMY,
@I'BOY BIIO «TI'TY»; Cbeta_Art@rambler.ru

KiawoueBble cjioBa u ¢pa3bl: aHaIM3 ONTHMAILHOTO YIPABICHHUS; «Oeblii»
[IyM; METOJl CHHTE3UPYIOLIUX [TEPEMEHHBIX.

AHHOTAUMSA: PaccMOTpPeHBI BOMPOCHI MCCIIENOBAHMS OONACTH CYIIECTBOBAHHS
pemeHns 3aJa4l ONTHMAJIBHOTO YIPABICHHS NP HAJTWYIWN CIIyYaiHBIX BO3MYILICHUH
TUna «oenplid» myM. Vcnonp30BaH MaTeMaTH4ecKUi anmapar T€OpHH ONTHMAalIbHOTO
YTpaBICHUS] U METOJ] CHHTE3UPYIOIINX MEPEMEHHBIX.

Methode der Untersuchung des Extistezraumes der Losung der Aufgabe
der Optimalsteuerung bei dem Vorhandensein der Zufallsstorungen

Zusammenfassung: Es sind die Fragen der Untersuchung des Extistezraumes
der Losung der Aufgabe der Optimalsteuerung bei dem Vorhandensein der
Zufallsstorungen des Typus “weifer” Larm betrachtet. Es wurde den mathematischen
Apparat der Theorie der Optimalsteuerung und die Methode der syntesierenden
Variablen benutzt.

Méthode de I’étude du domaine de I’existence de la solution
du probléme de la commande optimale lors de la présence
des perturbations occasionnelles

Résumé: Sont examinés les problémes de I’étude du domaine de I’existence de la
solution du probléme de la commande optimale lors de la présence des perturbations
occasionnelles tu type bruit «blancy». Est utilisé 1’appareil mathématique de la théorie de
la commande optimale et la méthode des variables synthésants.

ABTopbl: I'puodkoe Anexceii Huxkonaeguu — KaHAUIAT TEXHUYECKUX HAYK, JOLIEHT
kagenpsl «KoHcTpynpoBaHHE paguoOdJIeKTPOHHBIX W MHKPOIPOLECCOPHBIX CHUCTEMY;
Apmemosa Ceemnana Banepvesna — xanqunar TEXHUYECKUX HayK, JOLEHT Kadeapbl
«KoHcTpynpoBaHne paguodJIeKTpOHHBIX W MHKPOIPOIECCOPHBIX cuctem»; Kypkun
Hnova Anexcanopoeuy — actiupant kadenpsl «KoHCTpynpoBaHue paiuo3IeKTPOHHBIX U
MUKpONpoueccopHbIX cucrem»; Ilooxeamunun Ilagen Anexcandpoéuy — CTyAEHT,
OI'BOY BIIO «TT'TY».

Peuensenrt: Maithuxkoéa Huna @uaunnosna — NOKTOP TEXHUYECKUX HAYK, IPO-
(heccop, 3aBenyromas kadenpoit «['mapasmika u tenorexauka», ®I'BOY BIIO «TT'TY».

ISSN 0136-5835. Bectauk TI'TY. 2012. Tom 18. Ne 2. Transactions TSTU 349




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


